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For R or T% averages on balls and spheres are shown to satisfy an equivalence
relation with K-functionals that are generated by the Laplacian. The converse result
is given in terms of strong converse inequality of type A and type D for the
averages on the Ball and on the sphere, respectively. Combinations of averages on
concentric balls and spheres yield strong converse results of type B for higher levels
of smoothness.  © 1999 Academic Press

1. INTRODUCTION

In this section we introduce concepts used in the paper and describe
some of the main results. We will also mention some earlier related results.

The smoothness of elements of Banach space B of functions (or distribu-
tions) on R? or on 77 is described by the K-functional K, ,(f, 1*) 5 is given
by

Ky Af.t*)p= inf (|f—gls+t* |4%ll5.) (1L.1)
geJ(t)

where Af is the Laplacian, given by Af =0%//ox?+ --- +0*f/ox2, A’f =
A(A4771f), and J(¢) is an appropriate class of functions described in the
theorems in which the K-functional is used. As it will turn out, a wide
choice of classes J(¢) will lead to the same K-functional.

The averaging operator (on R? or on T9), B,(f. x), is given for a locally
integrable function by

1

B/, X)ZWL, FOx+u) dV(w), (1.2)
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where m(B) is the volume of the unit ball in R? (or T%), Bt ={x: |x| <1}
(which implies m(Bt) =m(B) t?), and dV(u) is the Lebesgue measure
element in R? (or T9). The averaging operator, S,(f, x), is given for locally
integrable functions (a.e. in x) by

1
Sif; x) =ﬁjst f(x+u) dou), (1.3)

m(S) t

where m(S) is the measure of the unit sphere in R? (the “surface” area),
St={x: |x| =t} (which implies m(St) =m(S) t*~ "), and da(u) is the measure
element (d—1 dimensional) on S. Sometimes when x is understood from
the context we write B,f and S,f for B/ f, x) and S,(f, x).

The basic relation between the rate of approximation of f by B, f and by
S, f and the K-functional is given by

IB.f —fls=K\(f, 12) g =K,(f, %) p (1.4)
and
Osip I1S1f =l s = Ks(f, 7) 5, (L5)

where (p( )~ (t) means that there exists a constant C for which
) <Y(t) < Co(t). The direct and converse results of (1.4) and (1.5)
are the estlmate of the left hand side (of either (1.4) or (1.5)) by the right
hand side and vice versa, respectively. The converse results in (1.4) and
(1.5) are of type A and type D, respectively in the classification introduced
and discussed in [ Di-Iv].
For B=L,(R? or L,(T“) with 1 <p<oo, (1.5) is essentially known.
The equivalence (1.4) is new. Earlier, equivalence like (1.5) was achieved by
the first author [ Di, II] for

f(x+eh)+ f(x—e;h))

I
I M~
ol

—

i=

for any orthonormal set e; in R? (which would imply the converse relation
n (1.5)). Equivalence like (1.4) was achieved for an average on the box
with center at x in [Di-Iv]. The present technique (which is different in
many respects from the above mentioned results) leads to equivalences
between approximation of f by combinations of By, f or S f and the
K-functional K, ,(f, /). The converse part of those will be of type B or D
respectively (using combinations of B,,f and S, f). These results have
advantage over iterations, as the expressions estimated are simpler. In case
of estimate by S, (see (1.5)), iteration would lead to many suprema on
different ;.
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Further discussions and comparisons will be carried out when our results
are established.

2. AVERAGES AND THE LAPLACIAN

In this section, we achieve some relations between the rate of approxima-
tion of f(x) by B, f, x) and by S,(f, x) and the Laplacian of f. These results
will be crucial for the direct and the converse estimates.

THEOREM 2.1.  Suppose fe C? locally ( f does not need to be bounded on
RY). Then, for S,f,x) and B,(g, x), given by (1.3) and (1.2), we have

i) =S =2 [ et )

=%ZJITBT(Af, x) dr. (2.1)
0

Proof. We may write for d>2

S fe3) =) = | (fru) = f(x) dotu)

_}’Vl(S) [d_l St

1
ZWL (f(x+ tu) — f(x)) do(u)
1 t 0
ZWL fo a—ff(x—i—w) dr do(u)
t 0
:ﬁﬁ) {Lal_f(x+w) da(u)} dr

1 0
:WL r—d+1 L %f(x—}-w) do(w) dv

(using the divergence theorem)

1

-5 L r—d+1 L Af(x+w) dV(w)

_m(B) rt
= fo tB.(Af, x) dr

:cllf B (Af, x) dr.
0
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Ford=1, S(f,x)=3(f(x+)+ f(x—10), Bf, x)=(1)20) [, f(x +7) dr,
and Af =f"(x), in which case direct calculation yields (2.1) as well. |

THEOREM 2.2. Suppose f € C? locally. Then,
) . 1 rt T
BUSox)=f(x)= | w7t | nB,(4f.x) dn de. (22)

Proof. We write

1
B,(f, x)—f(x) :m(B) de;t (fix+u)— f(x)) dV(u)
1 t
=B L 0 =160 dot) de

| =

t T
- df fd—lj nB,(Af. x) dy dr. |
“Jo 0

We denote, by O, the operator (on functions of T with parameter x)

1 e ,
Ou(gdx) =12 | pd-ljo 2g.(x) dr dp. (2.3)

0

Using this notation, we can use Theorems 2.1 and 2.2 to obtain the
following result.

THEOREM 2.3. For fe C**2, we have

B B ’ tzfAf:f(x)
B,(f, x)— f(x) j;zfj!(d+2)---(d+21')

= Ot(O”l(O‘Z o (Ot/(BT(A2(+2f’ x))) T ))’ (24)
and
; A (x)
> ’x)_f(x)_j; 290d---(d+2(j—1))
1 rt
ZZI'L) 1,0,(0, "'(Ot/(BT(Af+1/; X))---)) dt,. (2.5)

Proof. The proof is computational and follows by the use of induction
as well as estimate of

B (A7), x) — A% (x)
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using (2.2) and the identity

o 1 .
O(tV) =12 for j=0,1,..
R Y Y or J

To obtain (2.5), we use also the estimate (2.1). |

In fact, (2.3) is helpful so that we do not have to write so many integra-
tion signs. Without (2.3), (2.4) will take the form

*47f(x)
(d+2)-(d+2j)

_ a1 (?  —av1 [ a1 a1
—[7 ,0 4 Pr | Py
0 0 0 0

x f” B(AFY X drdpdp, ---dp,dty ---dt,,  (24)
0

B.f(x) = f(x) - Z

and a similar expression can replace (2.5).

To treat higher degrees of smoothness, we define the operators B, ,( f, x)
and S, ,(f, x) which are essentially combinations of B,(f, x) and S,(f, x),
respectively. The operators B, (f, x) and S, [(f, x) are given by

B, (f, x) 7 i —1)/ </2_/]> B(f, x) (2.6)
o)
and
o ,x>=<;f>é () sis 1)
/
respectively.

For the direct estimate, we will need the following result.
THEOREM 2.4. If f has 2/ continuous derivatives, then

2/> él (= </2—/j>

/

B, (. x)=f(x)=

A

x 0,(0,(0 (0,,_(BA4°f, x) (2.8)

PR



118 DITZIAN AND RUNOVSKII

and

S, fox) — flx) = —2 i (_1)j< 2 >

(BA°f.x))---)) dr (2.9)

r—1

it
x| 10,00
Proof. We recall that for g(t)e C¥,

- Yo
AYg(t)= ). ( >(—1)’"g(l+M)

m=0 m

, < 2/ ; )
=(=1)" X s ) (=D glt+ =)
j=—t N T
—g2(0,)
with 0 <0, <2/. Setting g(¢)=(t—¢)*> with r integer satisfying 0 <r </,

and using (2.4) and (2.5) with 7, (there) satisfying 7/, =/ — 1, we conclude
the proof of our theorem. |

THEOREM 2.5. For a function [ with 2/ + 2 derivatives locally, we have

(=) A% (x)
S22 (d+2)---(d+2/)

B, (. x)—[f(x)

25 /=1 2 C+1p
:<2z>]§1<—1) () 000 (0,BL4 f20) ).
’ (2.10)

Remark. One may obtain an analogue of (2.10) for S, ,f, however, the
estimate (2.10) is used to prove a strong converse inequality of type A or
B (see [Di-Iv]) for B, ,f—f, and this will not be possible for S, ,f—f.
(For S, .f—/f, such a relation fails already for d=1.) For S, .f—f,
a strong converse inequality of type D will be achieved as a result of the
converse estimate for B, ,f—f.

Proof. We use (2.4) of Theorem 2.3 with the same / as in our theorem
and set g(¢)=(t—¢)* for g(t) given in the proof of Theorem 2.4, and as
2%(0) = (2/)!, we obtain (2.10). |
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3. THE DIRECT RESULT C(R?) AND C(T?)

We will prove first several estimates crucial for the proof of the direct
and the converse results. These estimates will be proved first for functions
with sufficiently many continuous derivatives. From these, we will deduce
them for various Banach spaces of functions or distributions. We now state
the estimates for general space B to avoid serious duplication. As the
operators B,f and S,f were defined only for locally integrable functions,
the inequality stated below makes sense, for the present, only for such func-
tion spaces. Later, we will extend the definitions of B,f and S, f and prove
the validity of the inequalities for some other cases.

The estimates with which we will deal are:

2

”Btf_fHB\ 2d+2) 1Af | 5 (3.1)
IS.f fHB\ HAfHB, (3.2)
ZjAjf'
B.f—f- 22“ (d+2)---(d+2))| 5

2f+2 HA{’JrIJ(H

2f+1(/+1) (d+2)---(d+20+2) (3.3)
A’f
S’f_f_,-; 2jtd-(d+2(j—1))| 5
12/+2 ”Af+lfHB
T2 I de(d+ 20 (3:4)
1B, of =fla<C(Z,d) 1> | 4f || 5, (3.5)
o, d+2/ '
IS, f =flls< C(£, d) +7 A | 5 (3.6)

and

(— 1) 241 A
T RUd+2) - (d+20)) |

CylZ,d) 2|47+ f | . (3.7)
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where
1 1 ‘ e[ 2
/
and
1 1 4 2/ 42 20
Cl(/’d)_<2/>'2‘(/+l)!(d+2)~~-(d+2/+2)]§‘1] </—j>'
!

We note that (3.1) and (3.2) could be construed as special cases of (3.3)
and (3.4) (for /=0), and they are special cases of (3.5) and (3.6) (for
¢/ =1), but, being one of the basic building blocks of this paper, we stated
them separately.

THEOREM 3.1. For fe CAR%) or fe CHT?), (3.1) and (3.2) are valid
with B= C(R%) or C(T?), respectively. For f e C***(R%) of fe C¥ *%(RY),
(3.3), (34), and (3.7) are valid with B=C(R?) or B=C(T%. For
feC*(RY) or feC*(T?), (3.5) and (3.6) are valid with B= C(R?) or
B= C(T%). Moreover, each time f € C*"(R?) is required, it may be replaced
by fe C2(RY) and A™f e C(R?).

loc

Proof. Using Theorems 2.1 and 2.2, we obtain (3.1) and (3.2) when
we recall that ||B,g|c<llgllc and that (1/t9) [§t?=" |55 dn=1*/2(d+2)
and (1/d) [§ 7 dv =r*/2d. Using Theorem 2.3, formula (2.4) and (2.5) and
recalling again that ||B,g| o< gl ¢, the identities

t2/+2

Od04( Oy (O D) ) =37 T a s 2) - (d+ 20 +2)

and

[2{’+2

(+1Ndd+2)---(d+2¢)

1

t
gl 1040, (0,0 ) dty = 57

(as O(t%)=(1/2j+2)(1)d +2j +2) t**2) yield our result. To prove (3.5),
(3.6), and (3.7) (the latter under the condition fe C**?2 rather than
feC¥), we use (2.8), (2.9), and (2.10) and the consideration above to
reduce the proof to verification of

t2/j2f

. 4 <
100,04, 0y (BAAIN <77t

At’
)H Al
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and similar estimates. We note that we use only the exact estimate of (3.7)
for /=1 and low dimension d and hence we did not feel justified in giving
detailed computation here.

As the result uses local estimates only, the last part of the theorem is self-
evident. In fact, even if f is not bounded, the estimate (3.1), for example,
is valid. In two dimensions, we take for example f(x, y)=x>+ %
Af(x, y)=4 and ||B,f —f|l ¢rsy < £%/2 to illustrate this point. [|

We now define a K-functional

K35 (i 1)e =gi€ncf%, (1f—gllc+r* 4%l o), (39)

where C is either C(RY) or C(T?%). For this K-functional, we have the
following direct result.

TueoREM 3.2. For fe C(R?) or fe C(T?),

1By, of —fllc<SAKF Af. 1) c (3.10)

and
IS, o f —flle<SAKE (s 1) ¢ (3.11)

Remarks. In fact, for the direct result, (3.10) follows from (3.11).
For the converse result, we use the estimate by B, ,f—f to obtain the
(different) estimate by S, ,f —f We note the important special cases for
(=1:

IB.f —fllc<4 ingz (If—gllc+ 1% 142l o) (3.10)
ge
and

IS.f=flle<4 ing2 (If = gllc+ 2 1 4gl ). (3.11)
ge

Proof. We choose g* such that g* e C* and
If = g*l e+t [ 4°g*| c <2KF% A fs 1) c-
We estimate (B, ,—I)(f—g*) and (S, ,—1I)(f—g*) using the bounded-

(S,
ness of B, ,—1 and of S,,—1 on C. We estimate (B, ,—1I)g™* and
(S, .—1I) g* using (3.5) and (3.6). |
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4. THE DIRECT RESULT FOR CLASSES OF
NICE BANACH SPACES

We will prove the direct result (and in fact also the converse result) for
two classes of Banach spaces given in the following definitions.

DEerFINITION 4.1. A Banach space B is called a homogeneous Banach
space which we denote by BeH.B.S. if the following conditions are
satisfied:

(I) feB then fis a locally Lebesgue integrable function on R? or
T
(IT) |f(- +a)llg=Ilf(-)|l g (translation is an isometry);

(Iry | fC-+h)—f(-)|g=o0(1) h—0 (translation is strongly con-
tinuous).

DerFINITION 4.2. A Banach space B is of class .4~ which we denote by
Be 1 if the following conditions are satisfied:

(I) feBthen fe.¥ where .’ are the tempered distributions on R?
or T¢ and B is continuously imbedded in &;

(D /- +a)lp= /()] 5

(IIT) &, the Schwartz space of test functions, is dense in the Banach
space X and X* > B (where X* is the dual to X).

The spaces L,(R‘)eH.BS. for 1<p<oo. L(RY) e for 1<p< o0,
C(RY) eH.B.S., and C(R%) e ./, Besov spaces (1 <p < o) belong to H.B.S.,
the space of measures and the dual to a Besov space belong to ./". The
definitions of the K-functionals below will be different, but in case both
apply, they will be shown in a later section to be equivalent. The conditions
in Definitions 4.1 and 4.2 are standard and we just grouped them together
under H.B.S. (which is standard) and ./ headings so that when theorems
are stated, it is clear which conditions are used.

We define also the space B

DerFiNITION 4.3. The space B” is the space of functions in B whose first
r strong derivatives (defined inductively) are also in B.

We can now state the main inequalities used for the direct result.
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THEOREM 4.4. Suppose f€ B and B is a H.B.S., then
(a) feB?implies (3.1) and (3.2);
(b) feB**2% implies (3.3), (3.4) and (3.7);
(¢c) feB¥ implies (3.5) and (3.6).

Proof. For ge B* (B* the dual to B), we define

Fx)={flx+ ), g(+)).

(F(x) i1s not exactly convolution of f and g, it lost commutativity but
gained marginally elsewhere.) The function F(x) is continuous and bounded
and, moreover, when f € B” we have Fe C".

For f e B, we have

B(F,x)={(B(f. x+ -), &(-))

and

SAF, x) =S fix+ ), 8(-)),

and hence similar relations are valid for B, ,F or S, ,F on one side with
B, .for S, fon the other. For f'e B>, the relation

A"F(x)={A"f(x+ ), g(-)>

holds. We now use Theorem 3.1 applied to F(x) with |/g| z«=1 chosen
appropriately, to obtain in a fairly standard way (see [ Di, I; Di, I1]) the
result for f'e B. We give the method explicitly in the first of the seven cases
treated. For any g such that ||g| g«=1 and f e B?, we have Fe C? and

t2
== |4F
TEESTIGULE

2

<53 P KA+ ) ()]

|BF—Flc<

2

2(d+2)

N

sup [ 4f(x+ )z llg 5+

2

<3ta53 14
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On the other hand,

IB.f =fllg= sup [<BAS-)—S(-), g(-))]

Il ge =1
< sup sup [KBAfix+ ) —flx+ ), g(+))]
lgllge=1
= sup |[BF—Fc.
lgllpe=1

Similarly, one can prove the other inequalities. [

We now define the K-functionals which we need by

K5 (S 1%) 5= gienBi;t,( If— glls+ 2% 114% | 5)- (4.1)
That is, (1.1) with B* =J(/). From this, we deduce the direct result.

THEOREM 4.5. For fe€ B and Be H.B.S., we have

1B, of —f1l 5 < CKZ Af. 1 )p (4.2)

and
ISy, o f =flla< CK% [(f. 1) 5. (4.3)

It is, perhaps, worth mentioning that in the basic special case when
¢ =1, the above yields

1B.f —fls< Cgiggz(l\f— glls+1* |14gl 5) = CKA(f. 2)p

and
IS.f—f1 s< CKA4(f, 1) 5.

Proof. We note that the technique of the proof of Theorem 4.4 implies
also that B, and S, are contractions on B. Therefore,

2/ 2/

: 2 , , 2

1B, of Il s < <2/>—1 [flls  and [(NVVAIFES <2/>—1 I/l 5-
! l

We now follow the proof of Theorem 3.2, choosing g* € B> such that

1f—g*lls+ 12 47g*] s <2KF A, 17) 5,
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and estimate both B, ,—1 and S, ,—1 on f—g* using boundedness, and
on g* using (4.2) and (4.3). |

To obtain our results for spaces of type ./°, we note that
SC+h) —=fC)y())=0(l),  h->0 VfeS' Ve (44)
We define

Fx)={f(x+ ), ¥(-)) = flzy), (4.5)

where

T (u) =(u—x) (4.6)

and note, following the standard argument [ St-We, p. 23], that F(x) is a
C* function. Moreover, for f' € B,

[F) < [Flle< /115 1¥1] - (4.7)

The average B,f and S,f were defined for locally Lebesgue integrable
functions. We can define them on &’ by

By =SBy, (S fi> =[S, (4.8)

for all y € & (4.8) extends the definitions of (1.2) and (1.3) because of the
symmetry of B, and S,.

Moreover, since B < X*, or elements of B are functionals on X, and S is
dense in X, B,f and S,f are elements of X* As B, or S, commute with 7.,
we can obtain

B(F, x)={(B(f,x+ ), ¥(-)> (49)

and

SdF, x)={Sfx+ ) 9(-)), (4.10)

and hence the density of ¥ in X implies that B, and S, are contractions
in X*
The operator 4™ on %’ is defined as usual by

LA™y ={foA™) Ve (4.11)
This implies
A"F(x) =A™ (x4 - ), (). (4.12)

We can now state the basic inequalities for Be A"
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THEOREM 4.6. Suppose fe B< " and Be N with the space X of Defini-
tion 4.3 satisfying X* > B. Then, with B,f and S, f defined by (4.8) and A’f
by (4.11), we have:

(a) Af'e X* implies (2.1) and (2.2) with the norm X*;
(b)  A°*f e X* implies (2.3), (2.4) and (2.7) with the norm of X*; and
(c) A’feX* implies (2.5) and (2.6) with the norm of X*.

Remark 4.7. Because of the construction above, if B,f or S,f or A’f are
in B, the appropriate norm | |y can be replaced by || | 5. An interesting
possible situation is when B,f is in B and Af only in X*. In this case,
we obtain |B,f —f|z<(t?/2(d+2)) || Af]| x+. This situation occurs, for
instance, when B=L,(T%), X= C(T%) and X* = ./, where ./ is the space
of measures. (In this case, L,(7T7) is imbedded in .# in the natural way.)
The inequality

2

t
HBtf_fHLl(Td)\ (d+2) HAfHM

is valid, makes sense and is the crucial descriptive direct direction of the
saturation class, 1. e., the class of functions for which | B, f —f1| . 7+ = O( 1?)
t—>0+.

Proof. To prove our theorem, we observe that, as in the proof of
Theorem 4.4, we have one method that fits all cases. We prove the validity
of (2.1) with the norm X*, and other parts follow in a similar fashion. We
apply (2.1) with the C norm proved in Theorem 3.1 to F(x) defined by
(4.5). The conditions apply, as F'is bounded if fe Band yeSc X, FeC*
locally, and AFe C as

|AF(x)[ = [<Af(x + ), Yo | < [Af | s W]l x-

We now write

IB.f =fllxx =sup { KBS =L ]; W] x=1,y €S}

2
<
2(d+2)
2

(d+2

IAFC)l

(ZIAPTR |
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For the measure of smoothness, we define the appropriate K-functional
for Banach space B where Be A" by

K, Af,t*)p=inf (| f—gllys+1* 1478 x+). (4.13)
g, A’ge X*

Note that A% is given in the sense of (4.11).

We will show later that, for spaces B for which the two K-functionals
K, 4 and K} , were given, they yield essentially the same concept. We can
now state and prove the direct result for spaces B, Be .A".

THEOREM 4.8. For fe B S', Be A", we have

|By, o f —fllx+ < CK, 4(f, r*)p

and

1Sy, f —f e < CKy (2 ) 5.

When B,fe B, then B&’, J€B and HB/, J=flg= HB{, S —fllx+, and
when S,feB, then S, ,feBand |[S, ./ —fls= S/ =S x=

Proof. The proof follows that of Theorem 4.5 using Theorem 4.6 here
rather then Theorem 4.4. |

5. CONVERSE INEQUALITIES OF TYPES B AND D

In this section, we obtain strong converse inequalities of type B (in the
terminology of [ Di-Iv]) for the approximation process B, ,f —f. That is,
we approximate the appropriate K-functional by two terms, B, ,f—f]|
and |B, ,,f—f| with some p. In the next section, we will show, for /=1
and all d, that ||B,f —f is sufficient (that is, p =1). From the strong con-
verse inequality of type B for B, ,f —f, we will deduce a strong converse
inequality of type D for S, ,f —/, that is, an estimate of the K-functional
by supg ., <. IS, ./ —f|. We cannot strive for an estimate of the K-func-
tional by S, ,f—f in a strong converse inequality of type B (or A), as it
is well-known not to be valid for /=1, d=1, and B=L,, | <p< 0.

As is common, a Bernstein type inequality is crucial for the converse
result. Using the methods described in details in the last section, it is
evident that the appropriate Bernstein inequality can be proved for the
space C or even just locally in that space and then copied to the general
situation.
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THEOREM 5.1. For fe C(R%) or fe C(T?) and & any direction in R?, we
have

’;Bt(f, 0|<? |1+ o)l doto), (5.1)

Proof. We rewrite B,(f, x) using integration in the ¢ direction first and
then on B(&)={u:u-¢=0, |u|<1}. To compute (0/0%) B f, x), we also
use the one-dimensional classical identity

I e do= fixba)— fx—a)

(which is clearly valid here). Hence, we obtain

0 . V2 o?
a—éB,(j,x taéjg(g),f = fx+v+yE)dydv
_ 1 g 2 _ 2
_7m(B)[dL@t{f(x+u+1/t 102 ¢)
—fx+v—J>—v|* &)} dv.
Therefore,

0 1
S B <, (o AR
+ | f(x+v—/*—[v]* &)|} dv. (5.2)

We note now that do(v) is bigger than its projection on E(&) = {v; v-£ =0}
to obtain (5.1) from (5.2). |

From Theorem 5.1, we deduce the following corollary.
COROLLARY 5.2. For fe L,(RY) or feL,(T%, 1<p<o0,
d
lerad(B,f) 2, <= 1111, (53)
For fe C(R?) or fe C(T?),
2m(B,_
lerad (B, o< (Zot=) 1 (54)

m(B,)

where m(B,) is the volume of the {-dimensional unit ball.
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Proof. Using (5.2) and observing that if fe€ C so does (0/0¢) B,(f, x),
and hence grad B,(f, x), grad B,(f, x) achieves maximum in C(T9) at
Xo € T? and is close to supremum at a point x, € R? for /'€ C(R%). At that
point, we estimate (0/0&) B,(f, x,). We now use (5.2) again to obtain

2m(B,_,)

SW 1/ e

0
’ag B(f. xo)

where m(B,) is the measure of the /-dimensional unit ball. We now use
(5.1) for fe C and obtain

d
jgrad B,( £, )| <% | |f(x+0)] dov)

St

and hence, for f'e C,

d
lgrad B,(f. )2, <7 £ 1,

which implies (5.3) as Cis dense in L,, 1<p<oo. |
Actually, (5.1) is valid for L., as well, and hence

32

d
lgrad B, <= /1l

which is somewhat worse than (5.3) and certainly worse than (5.4), but is
of no consequence. In fact, the method of Theorem 5.6 below implies (5.3)
for L, as well.

We now obtain the following commutativity result that is more an obser-
vation than a hard earned proven theorem.

THEOREM 5.3. Suppose, f has locally continuous first derivatives. Then
0 0
—B =B, = :

and

grad B,(f, x) = B,(grad g, x). (5.6)

From these results, we deduce the following Bernstein estimate.
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THEOREM 5.4. For fe C(R%) or fe C(T?), we have
d2
HABtBTch<; (WA pes (5.7)

Proof. We first assume that fe C!, we then choose geL' so that
lglly =1 and

<g’ ABtBrf> = ”ABt‘l}‘rf‘”C_8
As feC', B,fe C? and hence, using Theorem 5.3, we have
<g’ ABtBrf> = <g9 BtABrf>
= <Btg’ AB‘rf> = <grad Btg’ grad B‘rf>

Therefore

I<g. 4B,B.f )| <|lgrad B,g|, |grad B.f] ¢

d? d?
<— gl Ifle=—1fllc-
it it

Since ¢ is arbitrary, the result is valid for e C', and since C' is dense in
C (with the C norm), (5.7) holds. |

In fact, the estimate is somewhat better as 2m(B,_,)/m(B,) is smaller
than d and is asymptotically ~ Cd"? (with different C for odd and even d).
This would improve some estimates, but would not save us from the
discussion in Section 6.

As a corollary of the above results, we obtain the following result also.

THEOREM 5.5. For fe C(RY) or fe C(T?), we have

27

l47B,, By, flles If 1l (5.8)

l"'l2[

Proof. To use earlier theorems, we just have to note that for ge C*
(ge C% is sufficient), 4"B,g = B,4"g and use Theorem 5.4 repeatedly. ||

loc

From these results, we obtain, using the notation and proof in the last
section, the following theorem.

THEOREM 5.6. For fe B, Be H.B.S., we have (5.1), (5.2), (5.7), and (5.8)
with the norm B replacing C. For fe B, Be A", we have (5.1), (5.2), (5.7),
and (5.8) with the X* norm, where X* is given in Definition 4.2, replacing the
norm of C.
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From the above theorems, we deduce the strong converse inequality of
type B for B, ,f —f, and from it the strong converse inequality of type D
for S, ,f—f. We state the result simultaneously, which is somewhat more
economical and saves us unnecessary repetition.

THEOREM 5.7.  Suppose f € B. Suppose also that B, ,f and S, ,f are given
by (2.6) and (2.7), respectively, where B,f and S,f are given by (1.2), (1.3),
and (4.8). Then:

(a) for BeH.BS. and K} 4(f, t**) g is given by (4.1), we have

K3 AL ) s <CUIB,, of —flls+ 1By, 0pf =1l 5)

and

K} 4(f, ) p< C sup 1Sy, of =Sl 5

0<7<1t

(b) for Be A", K, 4(f, **) g given by (4.13) and X* given in Definition
4.2, we have

K, af ) p< CUB. of —flxe+ 1Br i f =l x+)

and

K, A1, 12/)B< C sup IS, . f —flx=

O<z<1t

In both (a) and (b), C=C(/,d) and p < po=po(Z, d) are independent of
f and B.

Proof. We first show that the strong converse inequality of type D
for S, ,f—f follows from the strong converse inequality of type B for
B, .f—f. This is so, as

K} Af.1*)p<C sup |B,,f~fls

O<n<t

(recall p < p,). Then we observe that

L Sn Sy

0

sup || B, nf_f”B <sup

n<t n<t

<sup S, .f —fll 5

Tt

B

When the estimate is given for Be ./, we use the same argument but the
operators are on Y €. in the norm X, and this is done in the way that
repeats earlier arguments.
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To obtain the strong converse of type B, we define
L {f)=1/=B¥ *fl+ 1 |4’B¥ S, (5.9)

where the norm is in B or X* as appropriate. It is clear, because of (5.8)
and Theorem 5.6, that I, (f) is bigger than the K-functional in question.
As B, S <C,IIf], we have

2/ +1
If=BXF2fI< X B Af =B,/
j=0
<SCIf=B, . [l

To estimate 1% ||4“BY 7*f]|, we use

1By, BY "2f — B 2f — A(4, d)(tp)* A'BY [ >f |

= C, (¢, d)(tp)> 2 |4 'BY 21| (5.10)
which is (3.7) with B, ,,f taking the place of B, ,f, and BY }*f taking the
place of f there. We observe that (5.10) and Theorem 5. 6 imply that the
conditions of Theorems 4.4 and 4.6 (for (3.7)) are applicable to B}/;"*f.

We utilize (5.9) and Theorem 5.6, operated on B,,, B, with 1 < k m</,
and commutativity of 4, B,, and B, to obtain

Coll, d)(tp) 2|47 T BY P2 < Cul 4, d)(de) > *2 | 4B, 4D f |
C,(t, d)ip)¥ p>C | A“BY f|

with C independent of ¢ and f.
We now choose p, so that

1 /!
20T (d42) - (d+20)

C,(,d)p 20t S |4 d) (5.11)

We estimate

14“B fI<14“BZ F2f || + 14°BY (f — B7. /)
S|A’BE 2SI+ At ™ | =B, S

Combining the above, we obtain

A’ BY I < M) = By puf | + 1/ = Be, o f 1))

for any p chosen to satisfy (5.11). |
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In fact, I(/,t) was shown to be the realization of the K-functionals
K} 4(f, t*)gand K, 4(f, t*")p for Be H.B.S. and Be ./, that is, I(Z, 1) was
shown to be equivalent to the K-functional. Therefore, if fe B and
BeH.BS. and Be ./, we have

K, (/.0 g = KZ ((f, 1) 5.

Changing somewhat the structure of the realization, we can have equiv-
alent with the K-functional defined by (1.1) with different J(/) (see (1.1)).

6. THE STRONG-CONVERSE INEQUALITY OF TYPE A

In Theorem 5.7, the estimate of the K-functional by the rate of
approximation involved two terms (if p, <1 there). That is, we achieved,
in the terminology of [Di-Iv], a strong converse inequality (S.C.I.) of
type B. In many cases, one term is sufficient and in such cases we have a
S.C.I of type A. While S.C.I. of type B are sufficient for many purposes
(establishing “realization” and implying all classical converse inequalities,
for example), some serious efforts were made in special cases to prove the
more elegant S.C.I. of type A even when type B was available and relatively
easy (see [ Di-Iv, Sect.4; To; Kn-Zh]). In [ Di-Iv, Sect. 4], an easy proof
is shown to follow a difficult estimate on constants, in [ Kn-Zh], a method
to estimate the constants in case the operators are positive (with some
additional restrictions) is given, and in [ To], an intricate modification of
the “parabola” technique is used for positive operators with the C norm.
While the problem of proving a S.C.I. of type A for B, ,f —f, for general
/, even in case d =1, remains open, we establish such a result for /=1 and
all d.

THEOREM 6.1. Suppose feB, BeHB.S., B,f given by (1.2), and
K3 (f, %) 5 given by (4.1). Then

KA(f, 12)3 EK?‘, A(f, Z2)B X |B.f—flls.

Suppose fe B, Be A", B,f given by (1.2) and (4.8), X* given in Definition
42 and K, 4(f, 1*)p given by (4.13). Then

KA f. ) g =Ky (£, ) g X Bof — [ x.

Proof. Following the steps and results of the last two sections, it is
sufficient to prove our result for B= C(C(R?) or C(T%). We now write

L) =If=By* fll + 2 |ABy | (6.1)
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and note, following the proof of Theorem 5.7, that it is sufficient to show
2 |ABT | < CIB.f —f]

for some integer m. Using (3.7) for /=1, we have

14%g]| (6.2)

12 4

Big =815 %8 | Ssias2d+ a)
which we apply to g=B7**f. We now use (5.5) with t =1, and obtain our
theorem following the last section for d?/4(d+4)<1 or d<7. We note
here that, for 1 <d <6 the above simple careful application of the method
in [Di-Iv] implies our result. For higher dimensions, it is sufficient to
prove, using the above mentioned technique, that for every ¢>0 there
exists m =m(e) such that

1487 gl <e? |g]. (63)

Once a result like (6.3) (in fact, ¢ <4(d+4) is sufficient) is proved, a
combination of (6.2), (6.3) and

IBff—fI<CIB.f~f]

completes the proof. Hence, we proved our result for all d, pending the
proof of (6.3) which is sufficient to show for the case B is the space C(RY)
or C(T¢) and is given a lemma below. |

The proof of (6.3) follows an ingeneous method in [ Kn-Zh] which is
developed for proving such inequalities. (In [ Kn-Zh], they also give a
repetition of estimates in [ Di-Iv] with a change of name from S.C.I. to
lower estimate.) The conditions set in [ Kn-Zh] are not exactly fitting for
our case, however the ideas given in [ Kn-Zh] are used here.

LEMMA 6.2. For fe C(RY) or fe C(T? and ¢>0, there exists r=r(¢)
such that

IABYfllc<et™2 || f ] c- (6.4)
Proof. 1t is sufficient to find r so that

Céﬁtl Ife (6.5)

BYf

2
z
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as (6.5) will imply, using (5.3),

a 2 6r
<aé> Bt

from which (6.4) is immediate. We denote ¢; = \/6/71 The derivative of the
function y(Bt) which is the kernel of B,f is not a function, so to square it
and then divide by it, following [ Kn-Zh], is not possible. We now consider
B, f, x) like the convolution

&

<S5t fle

c d

1
Bifix)= g | flx—u) d

“m(B) )5

with the kernel (1/m(B) t?) y(Bt). For t=1, we have

BY(f, x) = [ flx—u) p(u) du,

) that is (0%/0¢ dn) @(-)e L, for all ¢ and 7, @(u) is
radially symmetric and supp ¢(u) = {u: |u| <3}. Moreover,

where ¢(u)e L?

BAfx)= [ fx—u) g fu) du

- j flx—u) g <Ll’> t~du. (6.6)

In other words, supp ¢ (u) = {u: |u| <3t}. We have ¢,(u) >0, as ¢, is a
convolution of positive functions. We also have that

J(pt(x)dle and f(%gpt(x)dxzo

as a result of B,1=1. As ¢(u) >0 for {u: |u| <3}, ¢(u) =0 for {u: |u| >3},
and ¢(x) has a zero of order 2 at {u: |u| =3}, we have

f <;§ gp(x)>2 o(x) L dx=C>0.

Substitution implies now

0 2
J<85 %(X)) @ x)"hdx=Ct72 (6.7)
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Hence, while the technique of [ Kn-Zh] does not work directly for B,f,
it does work for B? /. We now outline the proof (6.5). We write

7B3r (f. xo) = J j{ (0/0C) @ Xje— X4 1)

—0 QX —Xp 1 1)

X @(X0—X1) -+ Pdxs 1 —x»}f(x» dx, - d,.

We observe that, in spite of the fact that ((9/0¢) ¢,(x))/@(x) is not
integrable, the integral above converges. We now use the Cauchy—Schwartz

inequality and obtain
{ j J( 5/55 (ﬂt(xk Xk+1)>2
— Xk41)

XD (Xg, oy X,) dx, ~~dx,}

a 3r

A [ @ 2 i, e,
=IxJ,
where  @,(x, .., X,) =@ xg—X1) - @(X,_1—x,) and dx; indicates a
d-dimensional integration as x; is d-dimensional and d/d¢ is differentiation

in ¢ direction of the x, variable. From properties of ¢,x), we have
D,(xg, .., X,) =0 and

jmj@t(xo, vy X,) dXq oo odx, =1,

Hence,
J<IfIE

To estimate I, we note that for 1 <k+1<r
a 2

o sl —xp 1) | (@ =Xk 1)) 2 P Xg, Xy -+ x,) dxy -+ - dx,
o¢

a 2
= [ (Feodm ) o= s, =
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We further observe that for 0 <k, / <r and k #/ we have

j fa/aé QX — xk+l)(a/aé) Px,—X;41)
PAXe—Xp 1) PAX,— Xy 41)

XD (Xgy oy X,) dxq -+ -dx, =0,

where (0/0&) ¢ (x,, — X,, ) 1s differentiation in the & direction with respect
to the x,, Varlable
Therefore,
c _
I< - =2

r

and (6.5) follows for the choice C/r?<e/d which implies (6.4). |

7. CONCLUSIONS AND COMPARISONS

It is clear from arguments in Section 5 that
/= B2+ | 47B2 2 |

with the B norm or X* norm and k, m > ¢ will also form a “realization” of
the K-functional., i.e., will be equivalent to it. This can be used to give
the usual relations between K, 4(f, 1*) for different / for a Banach space
over T¢ the above was done in [ Ch-Di] using a different realization. The
technique of using realization for comparing K-functionals for different Z is
the same.

The realization will also yield a comparison with the classical K-func-
tional (B e H.B.S.) given by

Keh = g, (1 glat ™ w0 | e ) )
For this K-functional, we have
K} A(f, 7)) g SCKEA S, 1)
SCKE AL 7728 (7.2)

and a similar result can be achieved for Be 4" For L,, 1 <p < co, we have

K?, A(f; lzz)p %Kik/(f’ lz{)p
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In Section 6, a strong converse inequality of type A is discussed for
B,f—f For B, ,f—f, such a result can be shown following [ Di-Iv], when
d=1 and small 7, that the same is true. For higher dimensions and even
for d=1 and higher 7, it is open whether a S.C.I. of type A is valid. We
conjecture that it is, but our proof does not yield such a result. It should
be noted that, as B, , is not a positive operator, the methods used in [ To]
and in [ Kn-Zh] do not apply.

Using [ Di-Iv, Sect. 10], one can use iterations rather than combinations
for higher degrees of smoothness. This would yield, under the condition of
Theorem 6.1 and following that theorem, that

K, A(f. ) g2 (B, — 1) f x

and

IK% Af )]s = (B, — D) [l 5.

We prefer combinations, as done here, to iterations since in this case we
do not average more than once. The corollaries for S, of iterations would
be, under the conditions of Theorem 5.7

Ki i t*)g= sup (Sy—1)---(S,—1) flls

0<z,<t
and

K(,A(f; 12()3 X Ssup H(Szl _[)"’(St/_l) S,

0<t;<t

that is, we have to take suprema on all 7, independently. We prefer
supremum on one ¢ and combinations rather than iterations.

In [ Di-lv, Sect. 9], averages on boxes were treated.

In [Di, II], averages on 2d points were compared to K ( f, t*). While
this is more economical information, it cannot lead to S.C.I. of type A
(or B) and the analogous results for combinations were not established.

Another comparison is with the average moduli of smoothness. It was
shown at least for B= L, (see [ Pe-Po] for instance) that, for d=1,

1er .
[ 1AL s dum (£ )5,
tJo

where A’ represents symmetric differences. From the result here, it follows
that for d=1 and r <3 we have

lthf;fdu

zwzr(f, t)p
tJo

B
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(and similar results for odd r, r<1 and d=1 can also be shown). Of
course, since the direct result is easy in both cases, the present new equiv-
alence has more in it. Moreover, we have S.C.I. and results for d#1 as

well.

[ Chi-Di]
[Di, 1]
[Di, IT]
[Di-Iv]
[Kn-Zh]
[Pe-Po]
[St-We]

[To]
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